In this article, we will derive the differential equations considering the concentration polarization (cp) in membrane separations and purifications, which involve convective-diffusive equations of the concentration polarization layer and the Spiegler-Kedem-Katchalsky (skk) model of the membrane layer. Analytical solutions of these differential equations are straightforward and given. The film theory coupled skk model can be used to evaluate the degree of concentration polarization, and predict flux and rejection rates.
1. CP transport we will start with a general derivation of the convective-diffusive equations in the solute accumulated layer above the membrane surface (i.e., the cp layer). A schematic used for derivation is shown in Fig. 1 . All equations are formulated in two-dimensional space (x, y). Crossflow fluid with solute concentrations of c i (x, y), i ∈ {1, . . . , n}, is flushing through the membrane (for the simplicity sake, the component index i will be dropped in the following derivations and represented as s). The fluid direction can be described by the u and v vectors; y = 0 represents the membrane surface, and the membrane is assumed to have homogeneous properties along the x coordinate.
The differential element as shown in Fig. 1 (i.e., ∆x∆y) is considered to calculate the solute mass balance. There are two types of solute flux in the cp layer, i.e., convective (uc s , vc s ) and diffusive (−D v ∂cs ∂y , −D u ∂cs ∂x ) fluxes, where D v , D u denote the diffusion coefficient in the cp layer. Thus, the solute accumulation rate in the element, ∂cs(x,y) ∂t ∆x∆y, can be calculated from the net convective fluxes and diffusive fluxes: Combining all the input and outlet fluxed together, we can get the fol-lowing mass balance equation:
Dividing by ∆x∆y,
and taking lim ∆x → 0, lim ∆y → 0, we obtain
The initial and boundary conditions at the membrane surface (y = 0) and at the hypothetical cp surface (y = δ) are described by: With assumptions 1 and 2, and Eq. (4) can be simplified to
If the concentration gradients along the x coordinate are negligible compared to the concentration gradients on the y coordinate (i.e., assumptions 3 and 4 ), it can be further simplified to one dimensional equation:
1.1. Film theory model In order to solve Eq. (9), the initial and boundary conditions listed in Eq. (5) are not sufficient, since an additional partial boundary condition at either y = 0 or y = δ (i.e., dcs dy y=0 , dcs dy y=δ ) is required to obtain the value of α. To this end, the film theory is introduced. It assumes that, upon steady state, the solute flux is constant throughout the film and equal to the net solute flux through the membrane:
This assumption is generally true when the cp layer is rather thin.
By applying the above boundary condition, we can get the value of α = vc p . Thus, v c s (y) − v c p = −D v dc s (y) dy (11) Now, the initial and boundary conditions are sufficient to solve Eq. (9) analytically. Using the integration from y = 0 to y = δ to the above equation, we can therefore get the relationship between the concentrations, c f , c m , c p (cf. Eq. (15)). Meanwhile, a parameter, mass transfer coefficient of the cp layer,
In membrane science, the observed rejection rate is defined as R obs = c f −cp c f , while the intrinsic or real rejection rate is defined as R real = cm−cp cm . Dimensionless manipulations are applied in this study to the rejection rates, in order to get concise equations:
The final equation, Eq. (17), further indicates that, by utilizing the film theory, there is an exponential decay between R real and R obs .
Membrane transport
As the film theory model, Eq. (17) , shows the relationship between c f , c m , c p . In order to use the model for, say, model fitting, the non-measurable concentration, c m , should be given. It is impractical and tractable. A further equation which relates c m and c p can be described by the skk model.
SKK model
The following assumptions are used in the derivations of this part:
• neutral components, neither positive nor negative charged.
• the membrane thickness isδ, and it has homogeneous properties.
For the neutral solute, the differential equation can be simplified from the Nernst-Planck equation and is named after Spiegler-Kedem-Katchalsky:
whereD is the diffusion coefficient and σ is the reflection coefficient.
Note that in Spiegler & Kedem (1966) , the diffusion coefficient is represented asP , and named as local solute permeability coefficient; the hydraulic diffusion coefficient is represented as P I , and named as intrinsic membrane permeability. For the consistency sake, we still use D to denote variables which are essentially diffusion coefficients. After re-arranging the equation, we get 
Concentration polarization factor
We introduce a factor of concentration polarization (cp) to describe the degree of cp with the following definition:
In the above derivation we used the definition of observed and real rejection rates, Eq. (16), and R obs = R obs 1+ R obs , R real = R real 1+ R real . Substitute Eq. (23) and Eq. (25) into Eq. (27), we can get the algebraic expression of the cp rate.
Conclusion
We have derived the analytical solutions of the convective-diffusive equations. Without consideration of the film theory, the analytical solution is the classical SKK model (cf. Eq. (23)). With consideration of the film theory (a.k.a. concentration polarization), we have got the film theory coupled skk model (cf. Eq. (25)). There two algebraic expression based models can be used to analyze different nanofiltration membrane systems.
